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Interaction-induced enhancement and oscillations of the persistent current
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The persistent curreritin integrable models of multichannel rings with both short- and long-ranged inter-
actions is investigated. is found to oscillate in sign and increase in magnitude with increasing interaction
strength due to interaction-induced correlations in the currents contributed by different channels. For suffi-
ciently strong interactions, the contributions of all channels are found to add constructively, leading to a giant
enhancement df. Numerical results confirm that this parity-locking effect is robust with respect to intersub-
band scattering.S0163-182€07)50236-(

The absence of macroscopic persistent currents in normalue to a progressive condensation of electrons into the low-
metal rings even af =0 is a consequence of a parity effect est subband, leading to a parity-locking effect for
stemming from Fermi statistics, first discussed by Byers and) > 16M*#v /37, wherevg is the Fermi velocity. A disor-
Yang? For N spinless electrons in a purely one-dimensionaldered two-channel ring with interchannel interactions is also
(1D) ring, the persistent currehtis diamagnetic ilN is even  investigated numerically, and shows, importantly, that the
and paramagnetic iN is odd, independent of disorder and parity-locking effect persists even when the subbands are
interactions’® and takes a maximum valug=ev:/L fora  mixed strongly by disorder. Qualitatively, the parity-locking
clean ring, wherev ¢ is the Fermi velocity andl the circum-  effect arises in a thin ring because for sufficiently strong
ference of the ring. In a ring with many independent chan+epulsive interactions, electrons can no longer pass each
nels,| is the sum of many such diamagnetic and paramagether. The elimination of transverse nodes in the many-body
netic contributions, and is thus very smaBiuittiker, Imry,  wave function(which are necessary for two electrons to pass
and Landauérargued that persistent currents should, noneeach otherleads to a state whose parity depends only on the
theless, exist at the mesoscopic level, and calculations wittptal number of electrons, as discussed by Legyettd
noninteracting electroRgredicted typical currents of order whose persistent current is consequently large.

Io//L for a diffusive metallic ring, where’<L is the elastic Spinless electrons in a nondisordered ring of arbitrary
mean free path. Subsequently, persistent currents were obross section withM transverse channels, threaded by an
served experimentally in both normal métal and  Aharanov-Bohm flux §c/e) ¢, may be represented by 1D
semiconductdr® rings. Surprisingly, the persistent currents SU(M) fermions. The transverse degrees of freedom may be
observed in metallic rings were roughly two orders of mag-represented by aBU(M) spin variablec=1,... M. Disor-
nitude larger than those predicted by theories neglectingler and interactions will in general lead to intersubband scat-
electron-electron interactions? being of orderl, in indi-  tering, which breaks thiSU(M) symmetry. In order to pre-
vidual rings’ Mean-field calculation’s*3 for multichannel ~ serve the integrability of the model, we consider a special
rings, renormalization group results for 1D rindsind exact  class of interactions without intersubband scattering, i.e., in-
diagonalization studié3 found that the persistent current in teractions which depend only on the electrons’ coordinates
disordered systems can be enhanced by repulsive interactioakng the ring. Intersubband scattering will be shown not to
due to the suppression of charge fluctuations, but the verglter the results obtained for these integrable models in a
large experimentally observed magnitudel a6 still gener-  fundamental way. The Hamiltonian of the system is

ally considered to be a mystery. \ "

In this paper, we propose a nonperturbative interaction 1 52
effect which can lead to a large enhancement of multi- H=-5 ;1 ﬁﬂ% V(Xi_Xj)JFUZ:1 Koto, (1)
channel ringsgeven in the ballistic regimedue to the fact !
that the parities of different channels are no longer indepenwhere K, is the number of electrons in subbang,
dent in an interacting system. We investigate two integrabl&N=>_K_, and e, is the energy minimum of subband
models of interactingM-channel rings,SU(M) fermions  Units with z=m=1 are used. The Aharanov-Bohm flux
with inverse-square V(x)=g/d(x)?> and delta-function leads to the twisted boundary conditfon
V(x)=U&(x) interactions. In the prior model, we show that
for g>0 the persistent currents of all channels add construc- VX0, (X L) o, Xyo)
tively, providedkeL>27M, leading to a large persistent
current whose parity depends only on the total number of
electronsN. In the SU(M) delta-function gasl, is found to  For simplicity, let us consider equally spaced subbands
oscillate in sign and increase in magnitude with increating e,,,—e,=A=Er/M. The subband splitting\ plays the

=ei‘["lf(xlcrl,...,xio'i,...,XNa'N). (2)
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role of anSU(M) magnetic field. As we shall see, the effect e
of repulsive interactions is to renormalize this effective field, [ (pol4)=(— 1)NW' ~(=1)Mlo. (7)
causing a condensation of electrons into the lowest subband.
At T=0, the equilibrium persistent current is given by The condensation of all electrons into the lowest subband
I (¢p)=—(elh)IEy/d¢p, where Eq(¢) is the ground-state caused by the strong repulsive interactions thus leads to an
energy of Eq(1), subject to the boundary conditi@@). | is  enhancement of the typical persistent current by a factor of
a periodic function ofg with period 27, and may thus be M2 in the ballistic regime, due to the suppression of the
expressed as a Fourier series, parity effect of Byers and Yang.
Let us next consider a model with short-ranged interpar-
* ticle interactions/(x) = U §(x). This system is integrable for
[(p)= > I, sin(ng). 3 arbitrary U, and the eigenenergies with twisted boundary
n=1 conditions may be determined from a straightforward gener-
alization of the nested Bethe ansatz of Sutherfand the

The value ofl at ¢= /2 (1/4 flux quantum is determined casep+0. The energy of the system may be expressed as

by the odd harmonicd,(¢o/4)=1,—13+15—---, and may
be taken as a measure of the first harmonic, assuming the N M
higher odd harmonics are small. Pé¢x) =0, one finds E= K2+ K,e,, (8)
j=1 =1
ehr K where the pseudomomerkaare a set oN distinct numbers
H(pol)=5 2 (;1 (—1)%K,. (4 which satisfy the coupled equations
N—K A
For M>1, this leads to the well-knowrresult|I|~M2, extfi(Lki— )] = Hl ki— A, +iU2 ©
due to the random parities of the different channels. The ! a=1 k,-—AE,l)—iU/Z’
system may be either diamagnetic or paramagnetic, depend-
ing on the channel occupanciks, . Mt A ATV —jy2 Mt AN AT U2

Let us next consider a model with long-range interactions: H (NG M _ (7n+1) :
V(x)=g/d(x)?, whered(x) = (L/)|sin(mxL)| is the chord St Aa A TV ym AT A TRV
length along the ring. This model was introduced and solved No  AM_ A iy
by Sutherlantf for the caseM=1 and ¢=0, and can be - H e BT
shown to be integrabté for arbitraryM, ¢, andg=0. For g=1 AV - AP +iU’
g>0, the ground state is highly degenerate in the limit n _ n .
in the absence ddU(M) symmetry breaking4 =0) due to Wherej}o%) @=L Na=N=25-,K, are dIStht numbers,
the strong repulsion of the potential at the origin, which pro-Vith Aj=k;. For A=0, the ground state is aBU(M)

hibits particle exchange. In a finite ring, these states differ irpin9!€t whenN is an odd multiple ofM. As A increases,
energy by at mostrvr /L due to boundary effects; all elec- electrons in the higher subbands are transferred to lower sub-

trons will thus be condensed into the lowest subband foEa”dS’ until all electrons are condensed into the lowest sub-
A>mhuelL, ie., for keL>27M, which is satisfied pro- and.for.A>Ac. Thi's phenomenon is analogous to the_spin—
vided the ring is sufficiently thin. The ground state of the Polarization transition of the 1D Hubbard model in a

system in this “ferromagnetic” state has the Jastrow producfnagnetic field, studied by Carmed al. and by Frahm and
fgrm g P orepin!® Using the techniques of Ref. 19, one finds

n=1,..M—1, (10

\ A= (1/4m)[U2+ (2mn)?Jtan }(27wn/U)—Un/2,
_¢p—a (12)
\If({x})=exp(|T Z xk)

k=1 wheren=N/L. ForA>A_, the system is in a parity-locked
X N X state, with persistent current given by E@). It is useful to
sin( ! 77) sin( 7 7,) consider some limiting cases of Ed.1): Using kg=mn/M,
one findsA,=M2Eg for U=0 and A,=16M3Erv¢/37U
(5) for U/ve>M. For fixed A, the critical interaction strength

required to enforce parity locking is thus

x 11
1<i<js<N

for 0 ¢=<, wherea=0 if N is odd anda= = if N is even. 4
Here A= \/g+1/4—1/2. One readily verifies tha¥’ is an Ue=16M"v¢/3. (12
eigenstate of Eq(1), has the correct symmetry, and obeys For M1, very strong interactions are thus required to cause
the twisted boundary conditiof2). This eigenstate is a posi- complete parity locking, which would lead tonaacroscopic
tive vector when the particles are ordered, and is thereforgersistent current. This result is in contrast to that for the
the ground state of the system. The ground-state energy fsreceding model, which exhibited parity locking for any
found to be value of the interactiory>0, provided the ring was suffi-
ciently thin.
In order to see how the parity-locking effect develops as a
©) function of interaction strength, let us consider the simple
case of a two-channel ring witN odd; then the parities of
The corresponding persistent current is the two channels are necessarily opposite. For mesoscopic

2

2(A+1)°N(N’-1) N [¢—a
EO(¢): T ( 6L2( +E(¢L
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rings, SU(2) excitations of the type considered by
Kusmartse?® and by Yu and Fowlef! which lead to a
¢o/N periodicity of the persistent current, can be
neglected! The persistent current fovl = 2 is then given by

@

[(¢ol4) =(—1) YKy —Ky)lo/N. (13

For A<<A_, the polarization K;—K,)/L=2xA, where the
susceptibilityy may be evaluated from Eq&8)—(10) using
the method of Shib& one obtainsy=2/mv for U=0 and
x=3U/(27vg)? for U>ve. The magnitude of the persis- -
tent current is thus given Qy|=4eA/n#%N for U=0, and is Lot s
increased by the factorW/8mv g for vp<U<U.. As U is 0.25
increased, the persistent current thus oscillates in sign and T em s o T T T TS
grows roughly linearly in magnitude due to the progressive < 0
transfer of electrons from the upper to the lower subband. —
For M>1, the evolution of the system toward the parity- -0.25
locked state ad) is increased will of course be more com-
plicated, but one nonetheless expekct® fluctuate in sign 0.5
and increase in magnitude as electrons condense into the Y 0 5 10 15 20
lowest subband.

A peculiarity of the integrable models considered up to AV
this point is that the number of electrons in each channel is a
constant of the motion. Both disorder and more realistic in- FIG. 1. Results for an ensemble of 100 disordered two-channel
teractions which depend on the transverse coordinate wilings with 5 spinless electrons on 18 sites as a function of the
that the parity-locking effect is not destroyed. To this end,ference of average subband occupangies—Kp) = —27Ey/9A at
we have considered a disordered two-channel ring, modele@= ¢o/4 for disorder amplitude =2 (solid curve ande =0 (dot-
in the tight-binding approximation, with a nearest-neighbort€d curve. (b) Average first and second harmonids) and(I,) of

. _ 2 2 1/2 _
interchain interactionV included to induce interchannel ?ﬁe ‘:g{szfgﬁnéf(ﬁu;r?:t(;nu?; (é Oqﬂegl(i]?[;u?\?e?; str)nila:% fh;tzin
i 3 i ian i 1 1~ R
correlations:* The Hamiltonian is the model with unbrokei®U(2) symmetry, Eq(13).

<K1_K2>
O = NN W s O

2

H =2 (e'¢/LCiTaCi+1a+ H.C.+&i4piq) magnitude, similar to the behavior of the integrable system
1=t le=t given in Eq.(13). In contrast, the second harmonic remains
A paramagnetic, and does not exhibit a noticeable increase.
+ = (clicia+ H.C)+ Vpi1pin|, (14  The statistical width of the current distribution is
2 31 =(37[(1($)?) — (1 (¢))?]d p/2m)*= (0.125= .01l ; for
where ] creates a spinless electron at sitef chain @,  the whole range o¥/. Note that|(I )| <4l for V=0, while
pia=cl ci,, ande;, is a random number in the interval (11) is diamagnetic W|th<ll)|>él for V>5, as expected for
[ — &/2,6/2]. The interchain hopping determines the subband? System witiN odd due to parity locking. _ _
splitting A between the symmetric and antisymmetric states. _igure 1 shows that the parity-locking effect is not sig-
The rms amplitude of the intersubband scattering/&/3, nificantly modified even in systems where the intersubband

and the expectation value of the difference in subband pop@cattering is comparable to the subband splitting. While the

lations is given by subband occupancies are no longer constants of the motion
in a disordered system, there is a corresponding topological
(Ky—Kyy=—20Eq/dA. (15) invariant, namely, the number of transverse nodes in the

many-body wave functidn(i.e., nodes which encircle the

Figure 1 shows the average subband occupancies and p&B flux ¢). The lowest subband has no such nodes, while
sistent current for an ensemble of 100 rings with 5 spinlesgach electron in the second subband contributes one trans-
electrons on 18 sites as a function\of calculated using the verse node. In order for two electrons to pass each other as
Lanczos technique. The subband splittihgr 0.8 is chosen they circle the ring, such a transverse node must be present.
so that in the absence of disorder and interactithss3  As V increases, it becomes energetically unfavorable for
and K,=2, leading to a large cancellation of the persistentelectrons to approach each other, so transverse nodes in the
current due to the different parities of the two channels. Thenany-body wave function will tend to be suppressed. In the
on-site disorder=2>A, Er mixes the two channels, but strongly correlated limit, all such nodes will be eliminated,
does not lead to strong backscatteritharalization. Figure leading to a state whose parity depends only on ttiel
1(a) indicates that the average difference in subband occuaumber of electrons. In such a state, the persistent currents of
pancies increases from 1.05\at&0 to 4.55 atvV=20, cor- all channels add constructively, leading to a large enhance-
responding to a 96% condensation into the lowest subbandent ofl ;.
As the intersubband polarization increases, the first harmonic In conclusion, we have proposed an interaction effect
of the persistent current oscillates in sign and increases iwhich leads to a large enhancement of the persistent current
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(and in particular, of its first harmoniéen multichannel rings  parity-locking effect is a pure interaction effect in multichan-
due to correlations in the contributions of different channelsnel rings; disorder plays no essential role. It is therefore
Sufficiently strong interactions were shown to lead to an encomplementary to mechanisms previously proposed for the
hancement of the typical persistent current by a factor ofnhancement of the persistent curréntwhich rely on the
M2 in a ballistic ring withM channels, compared to the competition between disprder and. interactions. It is !ikely
value for noninteracting electrons. It was shown that everhat both such mechanisms are important to explain the
when interactions are weak compared to those necessary §§omalously large observed valief the persistent current
enforce complete parity locking, as is likely to be the case il disordered metallic rings.

metallic rings such as those studied in Refs. 6 and 7, the C.A.S. thanks M. Btiiker and F. Hekking for valuable
persistent current may still be substantially enhanced by ineiscussions. This work was supported by the Swiss National
terchannel correlations. It should be emphasized that th8cience Foundation.
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